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ABSTRACT

LeadingLyapunw exponentsandvectorsare calculatedor aturbulentbaroclinicjetin a
quasigeostrophimodelwith O(10°) degreesof freedom. Theleadingexponentis closeto 0.4d~1
andthe unstablesubspacéasdimensionbetweer30 and40. TheleadingLyapune vectors
exhibit a strongcorrelationof their potentialvorticity (PV) with the PV gradientsof the unper
turbedflow. Theseperturbationglo not, however, appearto be instabilitiesof smallerscaleon
theturbulentflow. Insteadthey sharethe scalesof theflow itself (atleastif measuredlongPV
contours)andoftensimply represenphaseshifts or displacementsf existing featuresn the
flow. Singularvectorsconstrainedo subspacef Lyapunw vectorsarealsocalculated.Maxi-
mum amplificationfactorsover two daysare,on average about6, 7.5,and9 (comparedo the
factorof two implied by the leadingexponent)for subspacesf theleading20, 35 and60 Lya-

punov vectors respectrely.



1. INTRODUCTION

Numericalmodelstypically representhe governingequationgor the atmospherer ocean
asa setof coupled,nonlinearordinarydifferentialequations Givena (time dependent}olution
from a certaininitial condition,a naturalquestionis thenthe stability of thatsolutionto small
perturbation®f theinitial condition. This is the problemof Lyapun stability, which gener
alizesfamiliar linear stability analysedor steadyflows andunderliescharacterizationsf geo-
physicalflows aschaotic. This notepresentd.yapunw stability resultsfor adampedanddriven
guasigeostrophittow with broadsimilarity to the atmospherienidlatitudejet. Specialempha-
siswill begivento the structureof the growing perturbationsndtheir relationto the original,

unperturbedlow.

Aside from its theoreticalnterest,Lyapunw stability providesinformationon the rateat
which forecasterrorsgronv andon the form thatthey will assumeat leastin the casethatthe
forecastmodelis reasonablyaccurateandthe forecasterrorsarenot too large. Theresultsof
Lyapuna stability alsofind applicationin areassuchasensembldorecasting Toth andKalnay

1997)anddataassimilation(Swansonet al. 1998).

Excludingresultsfrom low-ordermodels little is known aboutthe Lyapunw stability of
atmospheridlows. Several studieshave employedthe samethree-layerquasigeostrophidciemi-
sphericmodeltruncatedat T21 (VannitsemandNicolis 1997;Swansonet al. 1998;Reynolds
andErrico 1999). This notescomplementandextendsthoseprevious studiesby usinga dif-
ferentquasigeostrophimodel,with differentgeometrydifferentforcing andmoredegreesof
freedom,andby characterizinghe structureof theleadingLyapuna vectorsandtheir relation

to the unperturbedlow.

2. BACKGROUND

To fix ideas,let the unperturbedlow evolve accordingto

dx/dt =1(x), (1)
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wherex(t) is the stateof the flow in somediscreterepresentatiofsuchasspectrakcomponents
or grid-pointvalues).Perturbationx thataresuficiently smallthensatisfydx/dt = Ax with A
givenby the Jacobiarmatrix of with respecto x; this relationmayin turn beintegratedover a
time intenal [7, ¢] to yield

X(t) = M(x, 7, t)X(7), 2

whereM is the propagatoor resohentmatrix anddepend®n the unperturbedolutionandthe
time interval.

Lyapun stability thenconcernghe behaior of solutionsof (2) ast — = — oo. An excel-
lentintroductionto the theoryaswell asfurtherreferenceganbefoundin LegrasandVautard
(1995). Here,we briefly review the pointsof importanceto whatwill follow.

Therearetwo key results.First, almostary initial perturbatiorwill amplify exponentially
whenaveragedover a sufficiently long interval; the rate of amplificationdefinesthe leadingLya-
punov exponent,\1. This exponentis a propertyonly of (1) andis independentf the specific
unperturbedolutionx andof the choiceof normto measurehe perturbatioramplitude.Sec-
ond,almostary perturbationnitialized far in the pastwill corvergeatafuturetimet to aspe-
cific direction,givenby the unit vectorw4(t). Thisis theleadingLyapunw vector(LV), which
depend®nt andimplicitly onx.

More generallythereexists a sequencef exponents{ \;} anda correspondingetof or-
thonormalvectors{w;} suchthat,given(almost)ary setof NV initial perturbationsthe hyper
volumedefinedby theseperturbationgrows on averageexponentiallyat therate ¥, \; and
the subspacspannedy theseperturbationsornvemgesafter sufiicienttime to sparn{wa, ..., wy}.
Becausave requirethe LVs to be orthogonalgachw; exceptthefirst dependon the choiceof
innerproduct.

Our numericalcalculationof the exponentsandthe correspondind.Vs {w;} followsthe
standardnethod(seelLegrasandVautard1985). Specifically N initial perturbationsreinte-
gratedforward with the tangentinear modellinearizedaboutthe unperturbedolution,with pe-
riodic orthonormalizatiorusinga modifiedGram-Schmidprocedureandthe total enegy inner
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product(asdefinedin Srnyderetal, 2001). As theintegrationcontinuesthe portion of theith
perturbatiorthatis orthogonako the subspacef thefirst ¢ — 1 perturbationsorvergesto w; and
its averageamplificationcorvergesto A;.

It is worth notingthe analogywith traditionallinear stability analyse®f steadyflows. In
thatcase perturbationsasymptoticallygrow at the rateof, andconvergeto the structureof, the
mostunstableeigenmode For time-dependergystemshowever, the amplificationat any instant
may vary eventhoughthe averageamplificationis proscribedast — oo, andthe structureto

which perturbationgorverge evolvesin time.
3. THE UNPERTURBED SOLUTION AND THE QUASIGEOSTROPHIC MODEL

The unperturbedolutionconsistsof anintenal of 480 daystakenfrom the statistically
steadystateof a dampedanddriven quasigeostrophimodel. The characteristicef the solu-
tion aswell asthe quasigeostrophiequationsaandtheir numericalintegrationaredescribednore
fully in Sryderetal. (2001).

In this model,theflow is periodicin z andis confinedbetweerrigid surfacesaty = 0, yr,
andz = 0, H. Theflow is drivenby relaxationof the potentialvorticity! (PV) to a baroclinic
zonaljet andis dampedby a combinationof Ekmanpumpingat the surfaceanda fourth-order
numericaldissipationappliedto the potentialvorticity. Parametersrechosenasin Sryderet
al. (2001);in particular the zonalperiodicityis 16 x 10°km, thewidth y;, of the channels
8 x 103km, its depthH is 10km, the relaxationhasa time scaleof 20 days,andthe equilibrium
zonaljet hasa maximumvelocity of 60ms—1.

The numericalmodelusesa grid-pointdiscretization.For the resultsshavn here,thereare
128 pointsin z, 64in y and8 in z.

In the statisticallysteadystate, solutionsto this modelarecharacterizedby a strongbaro-
clinic jetin the centralportion of the channelthatintensifiesfrom the surfaceto thelid. The

flow is turbulentandexhibits anapproximatgower-law dependencef the velocity varianceat

1 Throughouthis note,PV will referto thegeneralizedPV thatincludescontritutionsfrom the

potentialtemperaturatz = 0, H in themannerof Bretherton(1966).
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channekenteron zonalwave number(seeFig. 3 of thefollowing section). Meandersor waves
move alongthejet from eastto west,with zonalwavenumbers3 or 4 (in unitsof periodsper
channelength)dominating. Thesewavesfrequentlybreakandform cutoff eddiesin both PV
andstreamfunctionSnapshotsf theflow areshovn in Sryderetal. (2001;seealsoFig. 4 here).
Thestructureof the PV in the statisticallysteadystateis qualitatvely similar to thatof the
midlatitudetroposphereasdiscussedor examplein Hoskinsetal. (1985). In particular the
horizontalPV gradientat z = H is concentrate@longthejet, sothatthe jet marksanabrupt
changebetweerregionsof relatively uniform PV, the sameis trueto a lesserextentat the sur
face. Comparedo thosenearthe boundarieshowever, PV gradientan theinterior of the flow
aresmall. This structureof the PV will turn outto controlthe structureof theleadingLVs, as

will bediscussedn thefollowing section.

4. STABILITY OF THE UNPERTURBED SOLUTION

a. Lyapunw exponents

Figurel shaws estimate®f thefirst 60 Lyapunw exponents{);, i = 1,...,60}. Thelead-
ing exponentimpliesan (asymptotic)doublingtime for perturbation®f abouttwo days. Of the
remainingexponents 35 arepositive, so thatthe unstablesubspacéasdimensionapproximately
36, comparedo the O(10°) degreesof freedomin the numericalmodel.

VannitsemandNicolis (1997),in contrastfoundthe unstablesubspacéo have dimension
102in adifferentquasigeostrophimodelwith O(10%) degreesof freedom.Thereasonsor this
differenceareunclear thoughtheir modelhasa differentgeometryandits flow is maintainedoy
differentforcing mechanisms.

Theexponentshowvn in Fig. 1 shouldbe consideredstimateonly, becausehey arebased
on anintegrationover thefinite timeinterval 0 < ¢ < 240days. Thecrossesn Fig. 1 indicate
exponentscalculatedon theinterval 240days< t < 480days. The leadingexponentdiffersby
1% betweertheintervals, while the secondexponentdiffersby 8%. Althoughit is not centralto
our purposehere,the numberof positive exponentds thussubjectto someuncertainty
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b. Time-aveaged characteristicsof Lyapunw vectos

Of greaterinterestis the structureof the LVs andtherelationof thatstructureto the unper
turbedflow. First, considertime-areragedquantities.

Thevariationwith heightof the LV amplitudeis shavn in Fig. 2, in termsof both potential
enstrophy(thatis, the squared”V) andtotal enegy. Valuesshovn arethe averageover the first
20LVs andover 21 timesbeginningatt = 40daysandcontinuingto t = 240daysat intervals
of 10 days. (Averagesover mary LVs suffice becausehereis little variationandno systematic
trendamongthe LVs.) Thefigure alsodisplayspotentialenstrophyandenegy for deviationsof
theunperturbedolutionfrom its zonalmean.

The potentialenstrophyof for theleadingLVs is dominatedoy the top andbottombound-
aries,wherermsvariationsof the PV area factorof 10 largerthanin theinterior. Consistent
with the streamfunctiorthatwould be obtainedby inverting sucha distribution of PV, theen-
ergy is alsomaximizedat top andbottomanddecaysnto theinterior. The unperturbedolution
sharedoththesecharacteristics.

Thus,boththeleadingLVs andthe unperturbedolutionappearto be controlledby the PV
atthe boundariesvith only a secondarycontribution from theinterior. Directinversionsof ei-
therthe boundaryor interior PV aloneconfirmthatthe flow arisesmainly from the boundary
PV, althoughthe flow associatedvith theinterior PV is not negligible. In this respectpoththe
leadingLVs andthe unperturbedolutionresemblehe midlatitudetropospherewherePV anoma-
lies atthe surfaceandtropopausearethe primary dynamicalagentye.g.,Hoskinset al. 1985,
Davis 1992).

In the horizontal,the leadingLVs possessoticeablyfiner scaleghan’ the unperturbedolu-
tion. As shavn in Fig. 3, thekinetic enegy spectrumat z/H = 1 andalongthe channekenter
peaksat wavenumbe# for the LVs insteadof wavenumbei3, andhasa muchshallover slopein
theinertial range(roughly5 < k£ < 30). This shallover slopeis in accordwith the predictions
of closuredor two-dimensionaturbulence;MétaisandLesieur(1986)notethatperturbations
shoulddevelopa k~1 dependencin contrasto the k—2 decayof the turbulentflow.
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We have alsochecledthe dependencef the LVs onthe choiceof inner productby reorthog-
onalizingwith inner productsbasedon potentialenstrophyor squaredstreamfunctionin fact,
thereis surprisinglylittle dependencen theinnerproduct: we examinedthefirst 20 LVs from
21individualtimes(asin the averagingdiscusse@bove) andin all caseghe projectionof the

ith LV for onenormontotheith LV for anothemormwasgreaterthan0.9.
c. Instantaneoustructure of Lyapunw vectos

We next considertherelationof thefirst LV to theinstantaneouiow in the unperturbedo-
lution. Fig. 4 shonvsthe PV atthe modeltop for w; andthe unperturbedsolutionat¢ = 120,
140,160days;thesetimeswerechosermerelyasthe centerof theinterval over which expo-
nentsandvectorswerecalculated.

A striking propertyat eachof the timesis the concentratiorof the perturbatiorwherethe
unperturbedPV gradientis large. An objectve measuref therelationof wq to unperturbedV
gradientds the correlationof the absolutevalueof the perturbatiorPV with the magnitudeof
the unperturbed®V gradient. The time seriesof this correlationfor thelevel z/H = 1, shavnin
Fig. 5, hasatypical valueof about0.6. Thereis somevariationin time but the concentratiorof
w1 alongthe unperturbedV gradientis clearly notlimited to thetimesshawvn in Fig. 4.

Moreover, the perturbationsare not instabilitiesor wavesof finer scalesuperimposedn the
unperturbedyradient:if we follow a contourof unperturbedPV, the perturbation$have scales
comparabler identicalto the unperturbedsolution. In directionsparallelto thelocal PV gradi-
ent,however, perturbationsrehighly compressed(lt is this compressiomivesriseto therel-
atively flat enegy spectrunmof the perturbations.)Thus,w; oftensimply represents displace-
mentor phaseshift of featuresn the unperturbedolution.

In Fig. 4a,for example,w is stronglycorrelatedwith the 2 deriative of the unperturbed
solution. Adding the perturbatiorto the unperturbedolutionwould thusshift zonally boththe

cutoff featureatz = 8000km and,becausét includesanintrusionof low PV thatgivesrise

to a positive-neyative-positve patternof the derivative, the leadingedgeof thetroughat x =
6000km. Althoughthe otherexamplesshowvn in Fig. 4 arelessclearcut, the generalprinciple
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is clear SryderandJoly (1998)andSnyder(1999)give furtherexamplesof perturbationghat
grow asdisplacementsr modificationsof existing finite-amplitudefeaturesn anunperturbed
flow.

At otherlevelsaswell, the PV of theleadingLV retainsits correlationwith the unperturbed
PV gradient.Sincethe unperturbedyradienthassubstantial’ertical coherencethe perturbation
PV alsohasslow verticalvariation. This, togethemwith thefactthatby far the largestperturba-
tion PV is found at the boundariesinsuresthatthe streamfunctiorior wy inheritsthe smooth
interior structureand(typically) weakwestwardtilt with heightof the baroclinicwavesin the
unperturbedolution.

Finally, all of the above characteristicaresharedat leastqualitatively by LVs beyondw;.
Thetime-areragedcorrelationof the perturbatiorPV with the unperturbedPV gradient for ex-

ample,is betweer0.5and0.6 for all of thefirst 60 LVs.
d. Singularvectos confinedo a Lyapune subspace

It is well known that, over a givenfinite time interval, therewill be perturbationghatam-
plify atarategreaterthan\;. For example,asillustratedby Fig. 6, thelocal (in time) amplifica-
tion of w; may be substantiallylarger or smallerthanthatimplied by A1. In addition,LVs other
thanw, may have thelargestamplificationover a giventime intenal [seeFig. 4 of Vannitsem
andNicolis (1997)].

It is straightforvardto calculatethe perturbationwithin a given subspacéhatamplifiesmost

over agiventime interval 3 This perturbationis the leadingsingularvectorfor the propagator

3 Let W(r) be the matrix whoseith columnis w;(r) for the N LVs (or indeedlet those
columnsbe ary setof orthogonalunit vectorsspanninga subspacef interest). Next, define
X (t) = M(r,t)W () andperformasingularvaluedecompositiomn X, sothatX = USV7T where
> =diago1,...,on) andU andV areorthogonalmatrices.The maximumamplificationis then
ai/z andtheperturbatiorthatachievesthisis Wv1, wherev; is thefirst columnof V. In general,
thecolumnsof WV aretheinitial singularvectorsfor theintenal [7, t] constrainedo thecolumn

spaceof .



M constrainedo the choseninitial subspaceandmoregenerallythe calculationyields a setof
singularvectorsthatspanthe choseninitial subspaceSwansonretal. (2000)present similar

calculationin the context of differentquasigeostrophimodel.

The maximumandminimum amplificationfactorsfor the subspacespannedy thefirst 20
LVs arealsoshowvn in Fig. 6 for a sequencef 2-dayintenals. On average the maximumam-
plificationis 6.1 ascomparedo the 2-dayamplificationof about2 implied by A1. In addition,
thereis typically a perturbatiorthatdecayshy abouta factorof 2 over the sameintenals, even
thoughall the perturbationsn the subspacgrow asymptotically For the subspacespannedy
thefirst 35 andfirst 60 LVs, the averagemaximumamplificationsare 7.6 and9.4, respectrely,

andthe averageminimumamplificationsare0.37and0.28.

The structureof the perturbationwith largestamplificationis, not surprisingly qualitatvely
similarto thatof theleadingLVs. In particular its PV is stronglycorrelatedwith the unper
turbedPV gradientandit possessescaleqatleastalongPV contours)}comparablgo the un-
perturbedsolution. The perturbatiorwith largestamplificationalsotypically doesnot resemble

ary singleLV but hassignificantprojectionon several.
5. SUMMARY AND DISCUSSION

For the quasigeostrophibaroclinicjet consideredere,theleadingLVs inherit mary char
acteristicof the unperturbedlow. In particular like theunperturbedlow the LVs have strongest
PV perturbationst the upperandlower boundariesand,consistentvith this PV structure their
wind andtemperatur@erturbationgoo are maximizednearthe boundarieandminimizedin the

interior. TheleadingLVs alsohave scalescomparabldo thoseof the unperturbediow.

A key findingis thatthe PV perturbationsssociatedavith theleadingLVs arestronglycor
relatedwith the unperturbedV gradient.Qualitatively, thesePV perturbationgake the form
of long strips,with scalesagaincomparabldo thoseof the unperturbedlow, lying alongcon-
toursof unperturbedPV in regionsof large PV gradients.Thus,the LVs arenot instabilitiesor
wavesof smallerscalesuperposedn the unperturbedolution(in analogywith, say parallel-
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flow instabilities);instead they representlisplacementsr modificationsof existing featuresof

the unperturbedolution.

Theform of theLVs is, in retrospectperhapsot surprising.Advectionof PV controlsthe
dynamicsof the unperturbedlow andperturbationsrethereforeadvectedpassvely exceptwhere
their velocitiesinteractwith the unperturbedPV gradient. Away from strongPV gradientsthe
perturbationareshearedndstretchedo smallerscaleshy the unperturbedlow andeventu-
ally dissipated.The perturbationghen,asaroughapproximationpecomestronglycorrelated
atlong timeswith thelarge unperturbedPV gradientsat the upperandlower boundariesThis
correlationis of courseimperfectsincethe perturbationPV andthe unperturbedyradientssatisfy
differentevolution equationsfor example,stronggradientneednot alwaysimply large perturba-
tions,asthe gradientmay strengthenn regionswherethe LV haslittle amplitude.Snyderetal.
(2001)discussan moredetailthe tendenyg for perturbationgo correlatewith the unperturbedPV

gradient.

Moreover, we shouldnot expectthe LVs to introducequalitatvely new structuresor scales
into the flow, sincethe LVs arein essencaninstability of a turbulentflow. If theunperturbed
flow wereunstableio qualitatively differentstructuresor scalesthosewould soonappeaiin the

flow.

Onepointthatwe have touchedupononly tangentiallyis the mechanisnby which the LVs
grow. As notedabore, the simplestanalogywith instabilitieson parallelflow or flows with slow
spatialvariation,seemsnappropriate Anotherpossibility is the notion of Farrellandloannou
(1999)thatthe growth of the LVs is a consequencef the time-dependencef the unperturbed
flow. It is not obvious, however, how to extendto the presentasetheir exampleswhich sim-
ply make the basicstatetime dependenin the parallel-flav problem. A final possibilityis the
view put forward by SnyderandJoly (1998)andSryder(1999),in which attentionis focussed
on flows with finite-amplitudestructuresandthe potentialfor perturbatiorgrowth via displace-
mentsor modificationsof thoseexisting features.This view hasthe advantageof fitting with the
phenomenologwyf the LVs, but we have sofar beenunableto developa morecompletetheory
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thatwould describehow suchdisplacements turn engendefurther perturbation®f similar
character
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FIGURECAPTIONS
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Figurel. Thefirst 60 Lyapunw exponentscalculatedoverthetimeinterval 0 < ¢ < 240days

(dots),andthefirst 20 exponentsover the interval 240days< ¢ < 480days(crosses)
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Figure2. (a) Time- andarea-aeragedootentialenstrophy) asafunctionof heightfor the mean
of thefirst 20 Lyapun vectors(solid line) andfor deviationsof the unperturbedolution
from its zonalmean(dotted). (b) As in (a), but for the time- andarea-aeragedotal enegy
E.
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Figure3. Thetime-areragedpower spectrdor kineticenegy aty = yr/2andz/H = 1. The
solid line shavs the meanof thefirst 20 Lyapunw vectorsandthe dottedshowns the unper

turbedsolution.
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Figure4. ThePV of theleadingLyapunw vectorat z/H = 1. Contoursareshavn at1/4 and
3/4 of the (arbitrary)maximumamplitudeandnegative valuesdotted. Gray linesare PV
contoursat z/H = 1 for the unperturbedolution;the contourinterval correspondso about
20K of potentialtemperatur®n thetropopauseUpper middle andlower panelsshaw, re-

spectvely, t = 120,140,160days.
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Figure5. Thecorrelation,asa functionof time, of the squareof thePV atz/H = 1 for the

leadingLyapunw vectorwith the magnitudeof the horizontalgradientof the unperturbed

PV atthe samedevel.
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Figure6. Two-dayamplificationsfor the leadingLyapuna vector(solid line) andfor thefirst
andlastsingularvectors(dots)constrainedo the subspacaspannedy theleading20 Lya-

punov vectors.Amplificationsarefor the (squareroot of) total enepy.
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